Abstract
Introduction
Dams were historically built to meet the vital needs such as drinking water supply, irrigation and electrical power generation. They are, therefore, very sensitive works requiring high protection against hydrodynamic forces which are important factors in seismic design considerations during earthquakes. Failure of dams can cause uncontrollable damage, not only to properties, but also to populations.
The analysis and design of this particular class of structures may prove to be a difficult task as it involves the combination of knowledge of several disciplines such as fluid mechanics, solid mechanics, hydrodynamics, wave propagation...etc. Analytical expressions of hydrodynamic forces on dams are rare and available only under simple geometry of the water dam interface. Several works: analytical, experimental and numerical, have been devoted in order to obtain an accurate determination of the hydrodynamic pressures exerted on dams during earthquakes. Westergaard [1] was the pioneer to have derived an analytical expression to evaluate the hydrodynamic pressures applied to a rigid dam with vertical upstream face under a horizontal harmonic ground motion. Using the electric analog method, Zangar [2] studied experimentally the hydrodynamic effect of horizontal earthquake action on a rigid dam having upstream face with either constant or compound slopes in the presence of an incompressible fluid. Chopra [3] published an analytical solution for vertical rigid dams under horizontal and vertical earthquake ground motions taking into account the effect of compressibility of the fluid in the reservoir. Chwang [4] , based on "Two-Dimensional potential-flow theory" obtained the exact solution for earthquake forces on a rigid dam with an inclined upstream face of constant slope in presence of an incompressible inviscid fluid. Liu [5] , using the same theory obtained analytical solution for the hydrodynamic pressures acting on the inclined upstream dam face for different bottom slopes. Tsai [6] developed a semi analytical solution for hydrodynamic pressure distribution on rigid dams with arbitrary upstream face considering water compressibility. Moreover several authors have used the numerical methods essentially based on the F.E.M, to include the effects of compressibility of the fluid in the reservoir [7, 8, 9] , the flexibility of the dam [10, 11] and pressure wave absorption by sediments at the bottom of the reservoir [12, 13, 14] . Additively to these numerical methods, there are also, semi-analytical ones. They remain valid and are an important input for the preliminary dam design [6, 15, 16] .
In this paper, analytical expressions for the determination of hydro-seismic forces acting on a rigid dam with irregular upstream face geometry in presence of a compressible viscous fluid are derived through a linear combination of the natural modes of water in the reservoir based on a boundary method making use of complete sets of complex T-functions. Key results obtained using the proposed analytical expressions of the hydrodynamic forces are validated using numerical and experimental solutions published for some particular cases available in the specialized literature.
Background 2.1 Assumptions
Consider a rigid dam with partially inclined upstream face impounded by a reservoir of infinite length and rigid bottom subjected to horizontal earthquake short durations. Coordinate origin is located at the base of the dam (Fig. 1) . The motion of the dam-reservoir system is two-dimensional and the water in the reservoir is considered linearly compressible, viscous and irrotational.
Let M (x, y) be a point in the Cartesian coordinate system (o, x, y), located at the upstream face of the dam at an elevation y from the reservoir bottom; the coordinates of the point M are:
where, H is the depth of the water in the reservoir; C is the fraction of height H and θ the angle formed by the inclined portion of the upstream face with the vertical.
Since the dam undergoes a displacement of rigid body, consequently the set of points belonging to the fluid-structure interface are assumed to have, at each time, the same acceleration as the base of the dam. On Fig. 1 , the reservoir is delimited by four contours defined as: S 1 ÈS 2 : Contour delimiting the upstream face of the dam; S 3 : Contour defining the free surface of water; S 4 : Contour defining the boundary of truncation of the reservoir and S 5 : Contour defining the reservoir bottom.
CH is defined as the height of the inclined portion of the upstream face and  n is the outward normal direction to the dam-water interface.
Formulation of governing equation
The hydrodynamic pressure in excess of the hydrostatic pressure in the reservoir is governed by the equation of the compression waves given as follows:
where:
corresponds to the two dimensional Laplace operator in Cartesian coordinates with:
In equation (4), c represent the speed of sound waves in water, λ the Lamé's modulus and ρ the mass density of water.
Since we are assuming small deformations and considering the combined effects of compressibility and viscosity of the fluid in the reservoir, the linear visco-elastic Kelvin-Voigt model [17] was adopted to represent the internal dissipation. Lamé's modulus is then expressed by a complex valued function depending on the angular frequency of excitation w and it is given by Eq. (5). Well understood, this way of doing would make it possible to simulate the internal damping which causes a loss of energy for the compression waves traveling away from the dam.
where η = wH/c is the dimensionless frequency; w is the angular frequency of the excitation and ξ the fraction of the critical damping of water.
It is assumed that the dam vibrates as a rigid body with the same horizontal ground acceleration given as follows:
since we have contemplated a simplified seismic evaluation approach, the peak ground acceleration is considered sufficient to define the seismic parameters [18] .
As previously advanced, the pressure in the reservoir can be given in the frequency domain as:
(5)
Substituting Eq. (7) in Eq. (2) provides:
Equation (8) represents the Helmholtz differential equation of compression waves in the water and K = w/c, corresponds to the compression wave number.
Boundary conditions
The boundaries conditions for the dam-reservoir system shown in Fig. 1 are given by:
1. On the upstream part of the dam enclosed by the contour S 1 ÈS 2 , it is assumed that the hydrodynamic pressures gradient in the direction normal to the upstream face of the dam and the inertial forces generated in the mass of the water are in a state of equilibrium, which allows us to write:
where Ü n is the normal component of the horizontal ground acceleration given as:
2. At the free surface of water, we assume that A i , correspond to the unknown coefficients with i = 1, 2, …, ∞. They are obtained after solving a system of linear equations given by the relation below (Eq. (14)) using a numerical calculation program developed for this purpose.
The elements of the Hermitian matrix [F ji ] and the column vector {G j } are calculated as defined in [15] . For a computational tolerance of 10 -4 , beyond 25 terms, the uniform convergence of the series of functions C p (y) is verified through the "Uniform Cauchy criterion". The latter converges to a called "Limit function" defined as the set of points corresponding to the simple convergence sequences at any point y of the compact interval [0, H].
Thus, under the above conditions, an approximate solution will be obtained for Eq. (13) for a finite number of terms.
The distribution of the horizontal component of the total shear forces along the contour S 1 ÈS 2 is given as follow:
where, ds represent infinitely small segment of the S 1 ÈS 2 boundary.
Substituting Eq. (13) into Eq. (15), yields:
Since the pressure response is given as a series of continuous functions converging uniformly on [0, H], an interchange between the operator ( ∫ ) and the operator ( ∑ ) is permitted.
Thus, Eq. (15 a) takes the following form:
After successive integrations, we finally obtain:
with:
In Eq. (16 a) and Eq. (16 b), F h (y)represents the horizontal component of the total shear force above any elevation y of the bottom of the reservoir.
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Analytical expression for distribution of the overturning moments
The distribution of the total overturning moments about the Z axis at any elevation y generated by the horizontal shear forces is defined as:
After successive integrations, Eq. (17) In Appendix A, simplified formulas are given for some specific geometric configurations of the dam-water interface. The maximum values of F h (y) and M z (y) are also computed at the bottom of the reservoir. For illustration purposes, graphical representations of the mode shapes of the 1 st , 2 nd and the 3 rd natural water modes of vibration in the reservoir are also presented. In Appendix B, we have presented for a specific case study, the values of the Hermitian matrix [F ji ], the column vector {G j } and the column vector of the unknown coefficients {A i }.
Results and discussion
In order to implement the proposed analytical formulas, a computer program in Matlab language [16] was modified to incorporate, in the frequency-domain, the effects of compressibility and viscosity of water in the reservoir. Initially, the program considered only the case of an incompressible inviscid fluid.
Results obtained for total shear forces and overturning moments are expressed, respectively, in terms of dimensionless 
The first numerical application was for a rigid dam with vertical upstream face (C = 0 or θ = 0), impounded by a reservoir with compressible undamped water. In order to compare the numerical results obtained with those given by Westergaard, we consider the case of a harmonic ground excitation with period T = 4/3 sec and a sound wave speed in water c = 1438 m/s. As one can observe from Table 1 , the numerical results obtained are in a very good agreement with those given by the exact method of Westergaard. However, the same comparison was made with the assumption of an incompressible fluid [16] , the relative errors recorded were more important, especially for reservoirs of large heights, where the effect of compressibility is more pronounced. In fact, as the height of the water level increases, the fundamental frequency of the reservoir given by w 1 = πc/2Hdecreases and approaches more and more the excitation frequency (w = 2π/T). On the other hand, for reservoirs of low height, it would be necessary to have a high excitation frequency level in order to be able to highlight the effect of the compressibility of the fluid in the reservoir.
To further illustrate this situation, two other comparisons were made; the first with respect to the experimental method of Zangar [2] and the second with respect to that of the exact method of Chwang [4] . For these two authors, the fluid is considered incompressible; the results obtained are summarized in Tables 2 and 3 , which clearly show that the percent errors increase progressively with the increase of the water height level in the reservoir. In figures 2 and 3, both real and imaginary parts of CF are presented for the dimensionless frequencies η = 0, 1.5, 3 and 6. We can easily see the effect of the excitation frequency on the response of the system. When η exceeds π/2, the response is complex valued with the imaginary part representing the loss of energy in waves moving away from the dam. The same reasoning can be adopted for the distribution of the total overturning moments (Fig. 4 and 5) .
It can be noted that, contrarily to hydrodynamic pressures, whatever the configuration of the upstream face, the maximum values of the hydrodynamic forces always occur at the base of the dam. Now, to evaluate the combined effects of compressibility and viscosity of water, another example is given for the case of a vertical rigid dam. Figure 6 shows the variation of the dimensionless coefficient CF with the frequency ratio w/w 1 for damping ratios ξ = 1% and ξ = 5%. It is seen that the effect of water viscosity can be considered negligible insofar as the excitation frequency is not very close to that of the fundamental modes of the reservoir.
In the following, the study is extended to the case of an inclined dam formed by two plane upstream faces with a sloping angle θ = 37.6̊ and height ratio C = 0.75, taking into account the effects of both compressibility and viscosity of water. In figure 7 , we can note the consistency of the trends between the results obtained and those given by Avilés [15] . In figures 8 and 9, the distributions of normalized hydro-seismic forces and overturning moments are presented for dimensionless frequencies w/w 1 = 1,3 and 5. As one can observe, largest effects of viscosity of water occur for the fundamental mode of vibration of the reservoir. We also can observe that the lower the excitation frequency, the greater the influence of the effect of water viscosity.
Conclusions
Analytical expressions for the determination of hydro-seismic forces acting on a rigid dam with irregular upstream face geometry in presence of a compressible viscous fluid are derived through a linear combination of the natural modes of water in the reservoir based on a boundary method making use of complete sets of complex T-functions. They show clearly the separate and combined effects of compressibility and viscosity of water.
The numerical results obtained are very consistent with those given by Westergaard when the dam upstream face is vertical. The effect of water compressibility is shown by comparing the results with those obtained by Zangar and Chwang respectively. The study was then extended to the case of a rigid dam with irregular geometry in presence of compressibility and viscosity of the water. The results obtained were presented for a wide range of values of the dimensionless frequency η and different damping ratios ξ of the water.
In the case of high rigid dams and high values of excitation frequencies, the importance of effect of compressibility on the total hydrodynamic pressures, shear forces and associated overturning moments is not identical. When compressibility effect is neglected, the percent errors, in the present study, are found to be in the order of 15-18 % for hydrodynamic pressures, 14-17 % for shear forces and less than 13 % for overturning moments.
In general, the effect of viscosity of the water may be neglected insofar as the frequency of the seismic excitation is not very close to that of the natural modes of vibration of the reservoir. However, at the resonance frequency, the generalized seismic forces are controlled essentially by the damping ratio of the water in the reservoir.
The formulas obtained for distributions of both shear forces and overturning moments are simple, computationally effective and useful for the preliminary design of dams. They also have the advantage of being able to cover a wide range of excitation frequencies even beyond the cut-off frequencies of the natural water modes of the reservoir. 
Rigid dam with vertical upstream face
In this case we have:
Maximum values of the total shear forces and overturning moments
The maximum values of the total shear forces and the associated overturning moments are given at the base of the dam (y = 0) as follows: 
